Abstract. In this paper, we discuss the duality between the inner and outer Herz-Morrey spaces of variable exponent.
Introduction
Variable exponent function spaces are useful for discussing nonlinear partial differential equations with non-standard growth condition, in connection with the study of elasticity, fluid mechanics; see [20] .
Let G be a bounded open set in R n , whose diameter is denoted by d G . Let ω(·, ·) : G × (0, ∞) → (0, ∞) be a uniformly almost monotone function on G × (0, ∞) satisfying the uniformly doubling condition. Following Samko [21] , for x 0 ∈ G and variable exponents p(·) and q(·), we consider the inner (small) Herz-Morrey space (G) of variable exponent; see also [2] , [4] , [5] , [6] , [8] , [13] , [16] , [20] , etc. . Following Di Fratta-Fiorenza [10] and Gogatishvili-Mustafayev [11] , [12] , we study the associate spaces among those Herz-Morrey spaces, as extensions of [17] , [18] . This also gives another characterizations of Morrey spaces by Adams-Xiao [1] (see also [12] ).
Variable Exponent Lebesgue Spaces
Let µ be a nonnegative Borel measure on an open set G ⊂ R n . Consider a measurable function p(·) on G satisfying
p(·) is referred to as a variable exponent. The variable Lebesgue space L p(·) (G, µ) is the family of all measurable functions f such that
where G p<∞ = {x ∈ G : p(x) < ∞} and G p=∞ = {x ∈ G : p(x) = ∞}. If µ is the Lebesgue measure on G, then we write L p(·) (G), simply. For fundamental facts of the variable Lebesgue spaces, see [7] and [9] . Note here the following result:
is a Banach function space in the sense of Benett-Sharpley [3] .
Herz-Morrey Spaces
We consider the family Ω(G) of all positive functions ω(·, ·) : G × (0, ∞) → (0, ∞) satisfying the following conditions:
for all x ∈ G and 0 < r < s;
for all x ∈ G and r > 0; and (ω3) there exists a constant A 3 > 1 such that
Following Samko [21] , for x 0 ∈ G, variable exponents p(·), q(·) and a weight ω ∈ Ω(G), we consider the inner (small) Herz-Morrey space H
and
whose quasi-norms are defined by
= sup
We further consider the outer (complementary) Herz-Morrey space H
, respectively. Then note that
Further,
Is is worth to see the following facts.
are Banach function spaces in the sense of Benett-Sharpley [3] .
Throughout this note, let C denote various positive constants independent of the variables in question. We now show that the Herz-Morrey spaces coincide with those with a constant exponent q if q(·) is Hölder continuous at the origin. Lemma 3.3. Suppose q(·) is log-Hölder continuous at 0, that is, there is a constant c q > 0 such that
The same is true for
Proof. Let f be a nonnegative measurable function on G satisfying
We have
Thus it follows that
which implies that
The converse can be treated similarly.
We consider the grand Lebesgue space L p) (G) consisting of measurable functions f on G such that
Grand Lebesgue spaces were introduced in [14] for the study of Jacobian, which is useful for the theory of partial differential equations (see [15] ).
Proof. Let f be a nonnegative measurable function on G such that
Then for a > n(1 − (q − ε)/p) and ε > 0 we have
as required. 
Associate Spaces
Let X be a function space consisting of measurable functions on G, with norm · X . Then X denotes the associate space of X consisting of all measurable functions f on G such that
see Benett-Sharpley [3] ; the usual dual space of X is denoted by X * .
Note here that
Duality of Herz-Morrey Spaces
Now we are ready to show the duality of Herz-Morrey spaces as extensions of [17] and [18] .
Theorem 5.1. Let x 0 ∈ G. Suppose there exist constants a, b, Q > 0 such that In necessary modifications of the proof of Theorem 5.1, we can treat logarithmic weights in the following manner.
